In this paper, properties of a homogeneous Bose gas with Feshbach resonance are studied in the dilute region at zero temperature. In the stationary state, there are condensations of atoms and molecules. The ratio of the molecule density to the atom density is proportional to na 3 . There are two types of excitations, molecular excitations and atomic excitations. Atomic excitations are gapless, consistent with the traditional theory of a dilute Bose gas. The molecular excitation energy is finite in the long-wavelength limit as observed in recent experiments. In addition, the decay process of the condensate is studied. The prefactor of the three-body recombination rate is much bigger than that of a Bose gas without Feshbach resonance.
I. INTRODUCTION
Feshbach resonance [1] has been observed in 23 Na [2] , 85 Rb [3] , and a few other alkali systems. In these systems, two atoms can collide and fall into a molecular state with a different spin. The scattering length can be tuned by changing the energy difference between the atomic and molecular states through a magnetic field. In the 85 Rb system, the scattering length was tuned to the negative region to study the critical particle number of the condensate [4] . In the positive region, unusual processes of particle loss were observed [5] . Recently oscillations between atomic and molecular states were discovered [6] .
One of the motivations to study Feshback resonance has been to create and study a
Bose system with a large and positive scattering length a. In the traditional theory of a dilute Bose gas [7] [8] [9] , every physical quantity is expressed as a power series in the gas parameter √ 8πna 3 , with higher order terms coming from high order perturbations. But the perturbation breaks down when the density n is of the order of 1/a 3 . It is still a challenge
to find out what happens to the system beyond the dilute region. In recent experiments [6] , na 3 can be tuned as high as 0.5.
However, even in the dilute region na 3 ≪ 1, the system with Feshbach resonance is different from the system without Feshbach resonance because of the molecular states. The observation of oscillations between the atomic and molecular states [6] indicates macroscopic occupation of molecular states. In fact, in addition to photoassociation [10, 11] , Feshbach resonance is considered as another method to study the mixture of atomic and molecular condensates.
In Ref. [12] , a two-channel model was constructed to study Feshbach resonance, with the Hamiltonian given by
where φ is the molecular field operator and ψ is the atomic field operator. The magnetic detuning energy is given by h. The coupling constant of atomic fields is given by g 0 . The coupling constant between atomic and molecular states is given by γ. The sign of γ is chosen to be positive by gauge transformation.
Most studies [12] [13] [14] [15] of this model have been focused on condensate properties. When multiple modes were included, the condensates were found to be depleted over time [16] . In
Ref. [17] , a Hartree-Fock method was used to take into account the contribution from atom pairs with opposite momentum, and the dynamics of the correlation between the condensates and atom pairs was studied numerically. However some properties of this model such as the complete excitation spectrum and the decay process are still unclear. In this paper, we study these problems in the dilute region where the scattering length a is much bigger than a 0 which is the scattering length in the absence of the resonance, and much smaller than the interparticle distance, na 3 ≪ 1. A simple saddle-point method is developped to handle this case.
II. CONDENSATE PROPERTIES
In the two-channel system, the numbers of atoms and molecules are not constants. It is easier to work in the grand canonical ensemble with the grand thermodynamical potential given by
where µ is the chemical potential. At zero temperature in the dilute region, both atoms and molecules condense. The dominant contribution to the grand potential comes from the condensation, given by
where ψ 0 and φ 0 are the expecation values of the atomic and molecular fields. The values of ψ 0 and φ 0 are determined from the saddle-point equations given by
In the region with positive scattering lengths, h < 0 and µ > 0, the nontrivial solution of the above equations is given by
where
. This solution is a minimum of the grand potential in the subspace of ψ 0 and a maximum in the subspace of φ 0 because molecules have lower energy than atoms. It is dynamically stable in the condensate space [12] .
Compared to the traditional theory, the relation between the chemical potential and the atomic condensate density given by Eq. (6) remains the same, with g eff now as the effective coupling constant of the atoms. The scattering length is proportional to the effective coupling constant,
where the scattering length in the absence of the resonance is given by a 0 = mg 0 /(4πh 2 ), and the constant ∆ is given by ∆ = 2γ 2 /g 0 . The scattering length in the form of Eq. (8) have been observed in the experiments [2, 6] .
In the dilute region, the interparticle distance is much larger than any other length scale.
Since the chemical potential µ is a function of the atomic condensate density, the detunning energy |h| is much larger than the chemical potential µ. As a consequence, the molecular condensate density is much less than the atomic condensate density,
These condensate properties are consistent with the findings in Ref. [12] .
As shown in the next section, due to the coupling between atoms and molecules, the total molecule density is bigger than the molecular condensate density by a factor of 1/Z as given in Eq. (20) , because the molecular eigenstates also contains atom pairs. However, in the dilute region, the total molecule density is still much smaller than the atomic condensate density. The ratio of the molecule density to the atom density n m /n a is approximately given
III. EXCITATIONS AND QUANTUM DEPLETION
In the dilute region, the system contains two types of excitations, the molecular excitation and the atomic excitation. The bare energy of a molecule is given by the detunning energy h. The coupling to the atomic states strongly renormalizes the molecule energy, and the molecular eigenstate becomes a superposition of the bare molecular state and pairing states of atoms. This renormalization can be easily demonstrated in the vacuum case where there are few particles. At zero temperature, the propagator of the molecular field is given by
and the propagator of the atomic field is given by
where Σ m (q, Ω) is the self energy of the molecular propagator generated by the coupling between atoms and molecules,
= 2γ
and
There is an unphysical ultra-violet divergence in the integral in Eq. (14) . As shown in many examples in the effective field theory, the bare parameters are often divergent and the physical parameters are alway finite. 
The pole of the molecular propagator in Eq. (11) is now given by
Far off the resonance, the molecule energy is simply given by h+ǫ q /2−2µ; near the resonance
, the molecule energy is given by
Near the resonance and close to the pole, the propagator can be approximated as
where the renormalization factor Z is given by
In this region, the scattering length is approximately given by
and the molecular binding energy is approximately given by
The relation between the binding energy of molecules and the scattering length is similar to that in the single-channel problem,
except that there is a mean-field shift by 2µ = 8hna/m. In a recent experiment [19] , a larger shift was observed, which may be due to the higher order many-body effect. Although
Eq. (23) is derived for the vacuum case, it is also accurate in the dilute case because the contribution from the condensate is a function of particle density n, much smaller than |Ω 0 |.
If the molecule density is initially slightly away from the stationary value due to a perturbation of the molecule energy in the action αφ † φ, the molecule density will oscillate.
The oscillation can be calculated in the linear response theory. In the long-time t → ∞ limit, it is given by
The oscillation frequency is simply given by the molecular binding energy Ω 0 because of the molecular condensation. It is similar to the single-channel problem where the phonon frequency coincides with the energy of the single particle excitation. In the experiment [6] , the ossillation frequency fits perfectly with the molecule energy calculated from a microscopic potential [20] . This result was also obtained in the context of photoassociation [21] , in the Hartree-Fock approach [17] , and in Ref. [22] .
In the dilute region, most of the particles are in the atomic condensate. The longwavelength and low-energy excitations are atomic excitations, described by the gaussian fluctuation
The molecular part of the fluctuation is not included because molecular excitations have a gap Ω 0 as shown above. However molecular excitations contribute a diagonal self-energy to the atomic propagator through the coupling between atoms and molecules
which is already included in the r.h.s. of Eq.(27).
After diagonalizing Eq.(27), we obtain a linear dispersed mode
and the energy of quantum depletion C is given by
The density of the quantum depletion can be easily calculated.
These results are consistent with the first order results in the traditional theory. To this order, µ = 4πh 2 a/m, any physical quantity can be expressed in terms of the density of the atomic condensate ψ 2 0 and the scattering length a .
IV. THE THREE-BODY RECOMBINATION
In the dilute region, the condensate state is only metastable because occupation of molecular states can lower the system energy. Most of the decay is due to the three-body recombination. In the two-channel system, the picture of this process is rather simple. One pair of atoms with opposite momentum in the quantum depletion break up, and one of the them interacts with an atom in the condensate to form a molecule leaving the other atom of the original pair as an excited atom. The energy and momentum can be conserved in this process because molecules have negative energy. Mathematically the decay comes from the perturbation of the atom-molecule coupling term −2γψ 0 φ † k ψ k in the Hamiltonian. The probability density of this three-body recombination process can be calculated by Fermi's golden rule
where |G > is the ground state of δF 2 , |k > is the ground state plus a molecule with wavevector k and an excited atom with wavevector −k. As defined earlier, v k is the coherence factor, and Z is the probability of finding a molecule in a molecular eigenstate given in Eq. (20) . In the dilute region near resonance, the decay rate is approximately given by
In the single-channel case [23] , the rate of the three-body recombination is also proportional to n 3 a 4 but the prefactor is about 3.9, much smaller than 32 √ 3π 2 . This enhancement reflects the fact that in the two-channel system two atoms can collide and fall into a molecular state, so the three-body recombination process is greater. The decay of the condensate is consistent the numerical result in Ref. [16] that the condensate is depleted over time when multimodes are included. The energy scale of the decay rate is comparable to µ when ψ 
It indicates that the condensate may not be stable enough beyond the dilute region.
In addition, the collision between atoms and molecules can also provide a three-body decay but its decay rate is much smaller [24] . Experimentally, the three-body recombination was observed near Feshbach resonance in sodium system [2] . However, in rubidium system, the results are rather intricate [5] . A decay rate with a weak density dependence was observed, which seems to suggest that the decay is dominated by a process independent of the particle density.
V. CONCLUSION
In conclusion, we have obtained properties of a dilute Bose gas with Feshbach resonance at zero temperature. The system contains both atomic and molecular condensates but the atom density is much higher. The molecular excitation has a energy gap as observed in the experiment [6] . The atomic excitations are gapless. The atomic excitation energy, the depletion density and depletion energy are consistent with the results of the traditional theory. However, the condensed state is only metastable. The coupling between atomic and molecular states gives rise to a three-body recombination process. The decay rate is proportional to ψ 6 0 a 4 as in the single-channel case, but the prefactor is much bigger.
It is tempting to go beyond the dilute region in the current approach. However, there are two expansion parameters in higher orders terms neglected in this approach, ψ 0 a 0 √ a from the atomic interaction and ψ 0 m 2 γ 2 √ a/(h 4 |h|) from the atom-molecule coupling. The latter is of the order of ψ 0 √ a 3 which is much larger than unity near the resonance, and the expansion breaks down in this case. In the most recent experiment [19] , a shift in the molecular energy was observed, which cannot be explained by any theories so far. It seems to suggest that there is a non-trivial many-body effect beyond the dilute region and more theoretical effort are needed.
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